The spectral properties of the Wilson-Dirac operator in 2-dimensional QED responsible for the appearance of exceptional configurations in quenched simulations are studied in detail. The mass singularity structure of the quenched functional integral is shown to be extremely compicated, with multiple branch points and cuts. The connection of lattice topological charge and exactly real eigenmodes is explored using cooling techniques. The lattice volume and spacing dependence of these modes is studied, as is the effect of clover improvement of the action. A recently proposed modified quenched approximation is applied to the study of meson correlators, and the results compared with both naive quenched and full dynamical calculations of the same quantity.
Introduction
A basic quantity in essentially all lattice calculations of hadronic properties is the quark propagator in the presence of a fixed external gauge field. Hadron propagation amplitudes or current matrix elements are extracted from averages of products of quark propagators over ensembles of gauge fields generated relative to either a pure gluonic weight e (pure gauge action) for the quenched approximation, or e (pure gauge action) · (determinant of Dirac operator) for a fully dynamical calculation including internal quark loop effects. There has naturally been considerable attention devoted to the issue of the extent to which the quenched approximation deviates from the full theory [1] . Are the differences of a detailed quantitative character only, perhaps mainly absorbable in a redefinition of the scale of the theory, or are there serious qualitative differences which make it difficult to extract reliable physics from a quenched calculation?
Qualitative differences which distinguish the quenched theory from the full dynamics concern the sensitive dependence of certain amplitudes on the quark mass m in the chiral limit m → 0. Generic effects include the "hairpin" diagrams which signal the generation of the singlet η ′ mass and the corresponding "quenched chiral logs" [2] which are expected to give logarithmic corrections to the mass dependence in the chiral limit. In lattice calculations, finite volume effects and convergence problems in evaluating the light quark propagators are also elements which impact the study of the chiral limit. A particular artifact associated with quenched calculations involving light Wilson fermions is the occasional appearance of "exceptional" gauge configurations [3] with apparently nonsensical values for the light quark propagators resulting in extremely noisy statistical averages and unreliable values for the hadronic amplitudes.
Clearly, it will be impossible to determine, in any definitive way, the chiral structure of the quenched theory until the nature of the exceptional configuration problem is fully understood and the resulting pathologies tamed. Our objective here is to study, in a specific model -2 dimensional QED-under very precise numerical control, the role of the exceptional configuration phenomenon in quenched calculations with light
Wilson fermions. In the final section, we shall use this model to perform a series of numerical tests on a recently proposed cure of the exceptional configuration problem [4] which suggests that greatly improved results are indeed possible for calculations using Wilson-Dirac fermions in the low mass chiral regime.
Following the example of Smit and Vink [5] , we can take advantage of the fact that 2-dimensional QED (massive Schwinger model) provides a particularly useful testbed for investigating the pathologies of the quenched approximation. As in 4-dimensional QCD, there is an intimate connection between the topological structure of the theory and the spectrum of the Dirac operator near the origin, which controls the chiral limit behavior. Moreover, proposed modifications of the quenched approximation can be tested against the full theory (including determinant effects) in great detail in the 2-dimensional case.
On large lattices at weak coupling the Wilson spectrum {λ a } settles (taking QED2
as an example) near the real axis into four distinct branches at Re(λ) = ±2, 0, with the central region containing two branches. It is usual to select the undoubled left branch (see Fig(1) ) as a model for the continuum theory by tuning the bare quark parameter m appropriately. For example, in QED2 one finds [5] a critical line at Re(λ) ≈ −2 + 0.65/β, with a dispersion of the real part of the eigenvalue around this value which grows rapidly as one goes to stronger coupling. In particular, at stronger coupling one finds an increasing density of exactly real eigenmodes straying to the left away from the critical line into the region corresponding to small positive quark masses. Consequently, evaluation of the propagator in configurations giving rise to such modes necessarily results in noisy results, as one occasionally ends up sitting very close to a pole of the propagator. In a sense, the original rationale for moving from Minkowski to Euclidean space -avoiding the poles of the propagator at Minkowski momenta-has been vitiated by the complex (i.e. non-skewhermitian)
character of the Wilson-Dirac operator. The exceptional configurations observed in quenched calculations appear to be due to precisely this feature of the Wilson action, and the study of these configurations reduces essentially to a study of the frequency and location of the exactly real eigenvalues of the Wilson-Dirac matrix defining the quadratic fermion action of a lattice theory.
The present paper is organized as follows. In Section 2 we review some of the basic properties of the Wilson-Dirac matrix in lattice gauge theory. Most of the results listed here are well known but the review allows us to clarify our notation and to remind the reader of some exact properties of the Wilson-Dirac spectrum following purely from linear-algebraic considerations. Results are given here both for QED in 2 and QCD in 4 dimensions. Section 3 contains a more detailed analysis of the mass singularity structure of the quenched functional integral. It is shown that the quenched functional integral as defined in a Monte Carlo simulation is strictly speaking undefined. The functional integral must be defined by analytic continuation from a pole-free region of the complex quark mass plane. In the region of physical interest, the path integral defines a cut function in this plane with a complicated branch structure. Section 4 describes the relationship between topological charge and the exactly real modes responsible for the pathologies of the quenched approximation. In Section 5 we study the dependence of the real part of the Wilson-Dirac spectrum on lattice volume and lattice spacing. In Section 6 we give the results of a detailed study of the changes in the real spectrum induced by the addition of a clover improvement term [6] to the action. Finally, in Section 7 we test the validity of a recently proposed [4] modified quenched approximation (MQA) which resolves the singularities introduced by real eigenmodes by a simple pole-shifting procedure. In particular, we carry out an explicit comparison of the MQA with both the naive quenched and full dynamical results for correlators of quark bilinears.
Formal properties of the Wilson-Dirac operator
The Euclidean Dirac operator D /(A) in the continuum is formally skew-hermitian for smooth gauge fields A, so at a formal level the quark propagator (D /(A) + m)
exists for all nonzero quark mass m. The existence of the inverse at zero quark mass is related to the topological structure of the background gauge field by the Atiyah-Singer index theorem. For example, in 2D QED, defining the Dirac operator on a compact 2-sphere of radius R by the usual one-point compactification [7] gives a rigorously self-adjoint iD /(A) (for gauge fields which approach pure gauge at Euclidean infinity) with a purely discrete spectrum :
The eigenfunctions χ i are normalizable relative to the inner product (2), and the "pure divergence" referred to in (3) is just the divergence of the axial vector current of the model, which is seen to reduce to a sum of a topological term and a sum over the γ 5 eigenvalues of each of the discrete modes. The latter sum (as a consequence of 
Here a, b are Dirac indices, α, β color indices, m, n lattice sites, and r the Wilson parameter, which must be chosen 0 < r ≤ 1 and is usually taken to be unity. As D is skew-hermitian and W hermitian, the full Wilson-Dirac M = D − rW matrix is complex, and the generic eigenvalue (which locates poles of the quark propagator in the complex mass plane) will also be complex.
It will frequently be convenient to use a single index i ≡ (aα m) to identify the single Grassmann variable for a quark field component, and to write the WilsonDirac matrix elements with the notation M ij . From (6) it follows immediately that although M is neither skewhermitian (unless r=0) nor hermitian, the matrix γ 5 M is hermitian. Consequently the coefficients of the secular equation for M are real:
so that if λ is an eigenvalue of M, so is λ * -the eigenvalues are therefore either real or appear in conjugate pairs. The nearest neighbour structure of M also implies immediately that
which implies that odd powers of λ are absent in the secular equation det(λ−M) = 0.
Consequently, if λ is an eigenvalue, so is −λ. The generic case therefore has the roots of the secular equation for M appearing as quartets α, −α, α * , −α * or as pairs of real eigenvalues r, −r. To summarize, we may write (the dimension N is 12V for 4D
QCD, 2V for 2D QED, where V is the lattice volume = number of lattice sites)
where the c i are all real and given in terms of M by standard trace formulas
Henceforth we suppose that r=1. The factors 1 ± γ µ appearing in M are then projection operators, and in particular (1 + γ µ )(1 − γ µ ) vanishes. Consequently, all terms in Tr(M 2 ), which necessarily correspond to products M ij M ji where i, j involve nearest neighbour lattice sites, automatically vanish. As a result dimensions, one finds Similar calculations show that the quantity Tr(MM † ) is independent of the gauge field configuration. Namely
This implies, for example, that the spectrum of M is rigorously contained within a circle of radius 2L for 2 dimensional lattice QED on a LxL lattice. A stronger bound follows from the observation that (for r=1) TrM n < C · 3 n for large n as the number of closed non-backtracking paths of length n is clearly < 3 n in 2 dimensions and the Dirac traces involve products of projection operators which do not grow with n. This The discrete symmetries of the Wilson matrix mean that the spectrum is considerably more constrained than would be the case for a generic complex operator. In particular the appearance of exactly real eigenvalues as in Fig (1) is not a miracle.
As a simple toy example, consider N=4, and assume that the secular equation is constrained, as for our Wilson matrix, to have only even terms with real coefficients.
For a general value of the r parameter (not equal to unity), we would have c 2 = 0.
The resulting 4 roots are all real provided only that c 2 < 0, c (5)) is exactly skew-hermitian, so that the spectrum is confined to the imaginary axis, and an exactly zero eigenvalue is nongeneric.
Instead, the latticized KS matrix displays pure imaginary eigenvalues close to, but not exactly, zero in a smooth background lattice field (e.g. after cooling) of nonzero winding number. Carlo simulation of the quenched integral at smaller, physically interesting bare quark mass will necessarily give ill-defined results, even when very large ensembles are used.
In a full dynamical simulation of hadron correlators in lattice QCD, one computes the functional integral over both fermionic and gauge degrees of freedom of a product of an even number of quark fields action and is consequently independent of m, so the entire singularity structure derives from the numerator in (13).) The generic structure of a quenched contribution to
where q is the number of quark propagators appearing in the correlator. Here we are examining the analytic structure in the complex plane of a single quark massthe issue of several flavors, and the effect of hairpin graphs in isosinglet sectors in reducing the level of singularity in (21) will be discussed below. As the coefficients c m (U l ) are all gauge-invariant, a maximal tree of links may be assumed fixed to unity and the integrals in (21) only include physical degrees of freedom.
For the rest of this section we shall consider abelian gauge theory on a 2 dimensional LxL lattice, although much of the discussion applies just as well to 4D QCD. 
Here α is a real constant. The branch point singularities located at the roots of
arise from a pinch of the unit circle integration contour by the two roots in z of the integrand in (22). More generally, the roots of det(m − M(z l )) define singularity surfaces of the integral
This integral is well-defined for |m| > 2L, and defines a real-analytic function of m 14 4 Zero modes, topological charge, and cooling
As discussed above in Section 2, there is a clear connection in the continuum theory between the topological charge of the background gauge configuration and the zero mode structure of the Dirac operator. On the lattice, this connection is necessarily less precise, as discretization effects smear out both the shape of the Dirac spectrum and alter the value of the topological charge associated with a given lattice gauge field. As discussed by Smit and Vink, two possible definitions of topological charge for 2D QED on the lattice are
where θ P is the plaquette angle for plaquette P . This definition of course gives in general a noninteger value for the topological charge. Alternatively, one may define
which gives an integer value for the topological charge, agreeing with (26) for smooth fields in the continuum limit. For a typical gauge configuration at weaker values of the coupling the number of exact zero modes found for the lattice Wilson-Dirac operator agrees with Q 2 (in each critical branch), with Q 2 essentially the closest integer to Q 1 , while at lower β one finds increasingly frequent discrepancies in these three measures of topological charge.
A convenient way of understanding the role of discretization on a given finite lattice involves cooling a Monte Carlo generated configuration to gradually remove highmomentum components from the gauge configuration. Such cooling tends to stabilize any nontrivial topology while bringing the zero mode and topological properties of the system closer to continuum-like behavior. A typical result of a series of cooling sweeps (in which the action is adiabatically lowered, effectively by running the simulation at a high fixed β value) on the near-real-axis spectrum of M (left branch) is shown in Table( Table( 2). The corresponding eigenvector would have exactly positive chirality in the continuum-instead the norm fraction of the positive chirality piece is initially about 98.8% (Table( 2), column 6). As the cooling proceeds, the complex pair Fig(3) move onto the real axis (diamond points in Fig(3) ) and then split laterally, with one member moving out towards the critical line. The topological charge Q 1 moves smoothly up towards 2 as this happens, with the discrete version Q 2 switching from 1 to 2 at roughly the point when the second exactly real mode appears (we take snapshots of the entire spectrum after each cooling sweep through the whole lattice, so it is difficult to be more precise as to the exact point at which the new real modes appear). Note that the "right chirality" fraction of the new zero mode is initially rather low (less than one-half), but increases steadily as this mode becomes stabilized and moves leftward into the critical region.
Evidently, in this case the initial configuration, with Q 1 , Q 2 of order unity, actually contains a "nascent" topological charge 2 structure, with large high momentum fluctuations hiding the larger value of topological charge. The presence of this hidden topological charge is nevertheless signalled by the presence of complex pairs in the interior of the spectral oval, close to the critical region. In the case illustrated here, the effect of cooling mimics the further evolution under Monte Carlo updating, which also leads to Q 1 ≈ 2 after a few more sweeps, with a spectrum containing two exactly real modes per branch. In other cases, we have observed a reduction of topological charge under cooling: a pair of real eigenvalues in the left and central branches move out into the interior of the spectral oval, colliding there, then moving vertically away Number of cooling sweeps from the real axis, eventually to join the noncritical modes far from the real axis.
Lattice Volume and Lattice Spacing Dependence of Real Spectrum
It has become part of the lore of quenched lattice QCD simulations that the exceptional configuration problem appears to be ameliorated at fixed β (i.e. lattice spacing) when one goes to larger physical volumes. It is therefore of some interest to see whether this feature can be understood in terms of the volume dependence of the real part of the Wilson-Dirac spectrum. As one increases the physical volume, one naturally expects more frequent occurrence of configurations with nonvanishing topological charge, so it is clear that the overall number of exactly real zero modes, which as we have seen above are clearly correlated with nontrivial topological structures,
should increase with volume. The appearance of exceptional configurations requires however that these modes appear in the quark mass regime being studied, just to the left of the critical line corresponding to zero renormalized mass.
The simulations described in the preceding section show that the number of exact zero modes is roughly correlated with the absolute magnitude of the topological charge
P sin (θ P ). Quenched compact 2 dimensional QED is an exactly solvable model in the pure gauge sector, so it is a straightforward exercise to evaluate the distribution of this quantity over quenched configurations generated on a LxL lattice (periodic boundary conditions) at any given β. If the lattice volume is sufficiently large that ( However, these histograms also make it clear that the exceptional configurations will necessarily appear at any volume once one goes sufficiently close to the critical point.
As we shall now see, the benefits to be obtained from increasing lattice volume are far less dramatic than from the reduction of lattice spacing (at fixed physical volume).
In 
Effects of clover improvement on the WilsonDirac Spectrum
The dispersion of real axis eigenvalues of the Wilson-Dirac matrix was seen above to decrease rapidly with increasing β, and it is clear that we are dealing with a pathology which is directly traceable to the particular discretization of the theory implied by an unimproved Wilson action for the quark fields. At first sight this would suggest that the problem might be removable (or at least, substantially reduced) by adopting a locally improved action, say by adding a clover-leaf term with appropriate coefficient.
Unfortunately (see also [3] ) this does not seem to be the case. In Fig.6 we show the effect of introducing such a term, with various values of the coefficient, on the spectral histogram of real eigenvalues for a 8x8 lattice at β=4.5 in QED2. Evidently, the clover improvement term is simply not effective in restraining the tendency of real modes to drift away from the critical region at strong coupling.
Of course, the addition of a clover term certainly will shift the location of real modes on each individual configuration. Such a shift can have a dramatic effect on a given exceptional configuration, as it may be enough to move the propagator pole far enough from the chosen quark mass value to remove the large fluctuation in the correlators for that configuration. But in a statistical sense the problem remains. Our QED2 studies have revealed a rather interesting effect at the individual configuration level: it appears that the effect of a clover term is much stronger on the two central branches (not used in typical simulations) of the Wilson-Dirac spectrum. This effect is shown in Fig(7) , where the full spectrum on a typical topological charge The shift is performed in such a way as to preserve the location of the critical line in an average sense (for more details, see [4] ). In the context of QED2, we define the MQA modified propagator as follows. The fermion propagator S ≡ ( and replace any pole appearing at a position u = u pole as follows
At large mass (or large u) the first two terms in the expansion in 1/u are identical and terms linear in the shifts should average to zero. This procedure preserves the location of κ c to first order in the dispersion of real eigenmodes around the critical line (which is of course going to zero in the continuum limit). The full MQA propagator may be simply computed by adding a term to the naive fermion propagator S ij which incorporates the pole shift. Namely, for any configuration where a pole(s) appears in the physical region (operationally we have defined this in this paper to be the region between 0 and 2m 0 on the real bare quark mass axis), we replace
with
Although the procedure outlined here is certainly valid in the continuum limit, 
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